The theory of sound propagation in macroscopically isotropic and homogeneous porous media saturated with superfluid 4 He(so-called HeII) has been developed neglecting all damping processes. The case when the normal fluid component is locked inside a porous medium by viscous forces is investigated in detail. It is shown that in this case one shear wave and two longitudinal, fast and slow wave propagation is possible. The velocities of these waves are obtained. It is shown that fourth sound mode, as well as second sound mode in bulk HeII is exactly slow wave.
Introduction
The investigation of acoustic propagation in a fluid-saturated porous media provides opportunities to study disordered pore structures, as well as the properties of the fluids confined in the pores. Because of unique properties of liquid helium [1] , it is of fundamental importance to investigate the sound propagation in superfluid-filled porous media.
Below the λ-transition temperature T λ = 2.17K, liquid 4 He becomes a superfluid and behaves as a mixture of a normal(viscous) component with mass density ρ n and a superfluid(zero-viscosity) component with mass density ρ s ; it is clear that ρ n + ρ s = ρ h where ρ h is the mass density of superfluid 4 He(so-called HeII). The normal(superfluid) component fraction increases(decreases) monotonously from ρ n = 0(ρ s = ρ h ) at T = 0 to ρ n = ρ h (ρ s = 0) at and above T λ . It is important that ρ n and ρ s can move independently, and therefore in bulk HeII the two mode of sound propagation are possible. In first sound the two fluid components oscillate in phase, and in second sound ρ s and ρ n oscillate in opposite phase. One of the most interesting property of HeII is fourth sound mode. In fourth sound only the superfluid component moves, when the normal fluid component is locked inside a rigid porous medium by viscous forces, so that its velocity is identically zero.
In [2] Biot developed a simple theory of propagation of elastic waves in statistically homogeneous and isotropic porous media saturated with (onecomponent) compressional fluid assuming that pore sizes are small as compared to a wavelength i.e. the long wavelength limit is considered. Biot theory predicts one shear wave and two longitudinal, fast and slow compressional waves. The fast compressional wave corresponds to solid and fluid moving in phase, and the slow compressional wave corresponds to solid and fluid moving in opposite phase. The Biot theory was experimentally confirmed by the observation of the fast and slow compressional wave in glass bead samples filled with water [3] .
Since a superfluid-filled porous medium is really a three-component system, Biot theory is not applicable directly to this system. But, at low temperatures (T < 1.1K), when the normal fluid component fraction may be neglected, Johnson has shown that fourth sound mode is exactly Biot slow wave [4] . It should be noted that at low temperatures, when the mean free path of phonons and rotons becomes larger than either the viscous penetration depth or the pore size the hydrodynamical description breaks down, so the comparison to Biot model should be made at higher temperatures [5] .
We have to point out that number of authors extend Biot's theory in the case of two or more fluids (for review see [6] , [7] ). Since the fluids usually considered are not superfluids, the authors neglected some effects actually important in the case of superfluids. Indeed, it is well known that in the case of ordinary fluids the fountain(and mechano-caloric) effect is negligible, however, in the case of superfluid these effects are crucial. In particular, a temperature gradient produces relative motion between the two fluids in superfluids [1] . Therefore we have to distinguish between preasures with a "mechanical origin" and those with a "thermal origin", the later can only be found in superfluids (see Appendix A) whereas the former can appear in any fluid.
In this paper the generalization of Biot theory is given in the case of superfluid-saturated porous media, when all damping processes are neglected. The organization of this paper is as follows. Section II gives a derivation of the equations which describe the propagation of longitudinal and shear waves in a superfluid-saturated, homogeneous and isotropic porous media. This is the main result of this paper. In Section III the formalism is applied to the most important case when the normal fluid component is locked inside a porous media by viscous forces. In Section IV we discuss some limits of our equations and summarize results. Finally, in Appendix A we apply Biot formalism to bulk HeII and derive some equations, which are used in the main text.
Basic equations
Let us consider a unit cube of superfluid-filled, macroscopically homogeneous and isotropic porous solid as an element. The element is assumed to be large as compared to pore sizes, but small compared to a wavelength. In this case, the element is described by the average displacement of the normal fluid component u n , the superfluid component u s , and the solid u parts.
Following [2] , let us introduce the Lagrangian viewpoint and the concept of generalized coordinates. The Lagrangian coordinates are chosen as the nine average displacement components of both the solid and the fluid i.e. u x , u y , u z , u sx , u sy , u sz , u nx , u ny , u nz .
The kinetic energy T of the system per unit volume is 2T = 
here we take into account that the directions x, y, z are equivalent and uncoupled dynamically. Calculations quite similar to [2] for ρ 11 , ρ s 22 , ρ n 22 , ρ s 12 , ρ n 12 density coefficients gives (see also [4] ):
β is the porosity(fluid volume fraction); ρ sol is the density of solid; α is the purely geometrical quantity independent of solid and fluid densities; α = n 2 where n is the index of refraction [4] ; the ρ s 12 (ρ n 12 ) coefficient represents a mass coupling parameter between the solid and the superfluid(normal) components. As ρ s and ρ n can move independently, the mass coupling parameter between the superfluid and the normal components is identically zero.
Let us assume that system is in equilibrium being at rest, therefore any displacement is a deviation from a state of minimum potential energy. Then the potential energy W per unit volume of the system is given by : 2W = σ x e x + σ y e y + σ z e z + τ x γ x + τ y γ y + τ z γ z + σ s ǫ s + σ n ǫ n ;
here, the generalized procedure of the classical theory of elasticity has been used [8] . W is expressed in terms of the strain and stress components. The stress tensor in the porous material is
y , τ z components of the stress tensor are the forces applied to the portion of the cube faces occupied by the solid. Note, that the fraction of solid area per unit cross section is (1 − β) [2] . In stress tensor we formally separate the forces σ s and σ n acting respectively on the normal component and the superfluid component "parts" of each face of the cube. The "fraction" of the superfluid(normal) component area per unit cross section is βρ s /ρ h (βρ n /ρ h ). Besides, σ = σ s + σ n ; σ is the force acting on the fluid part of each face of the cube. The fraction of the fluid area per unit cross section is β. The strain tensor in the solid is
with e x = ∂u x /∂x etc. and γ z = ∂u x /∂y + ∂u y /∂x etc. The strain in the normal and the superfluid components of HeII are ǫ s = div u s and ǫ n = div u n respectively. It is important that the strain in the fluid ǫ is given by [1] 
In the first approximation the stress components are linear functions of the strain components. The stress-strain relations for superfluid-filled, statistically isotropic porous media can be expressed as
where e = e x + e y + e z .
The thermal expansion coefficient of HeII is too small and we can neglect it. Besides, we neglect the heat exchange between the solid and HeII. This is a reasonable assumption if the wave frequency is not too small. Under this assumptions it is clear that between the solid and HeII forces caused by temperature gradients do not exist. So, forces between the solid and HeII have "mechanical origin". The two last terms in the first equation from (5), for instance, describe the interaction of the superfluid component and the normal component with the solid [2] . Because of HeII interacts with the porous solid "as a whole" we have:
and using (4) one gets:
The coefficient N represents the shear modulus of the bulk material, which is directly measurable. A, Q, R s , R n , R sn can be expressed in terms of directly measurable coefficients by considering three compressibility tests. In the absence of electrochemical interfacial effect between fluid and solid A, Q, R sn , R s , R n (see below) and N are independent of what fluid is in the pores, including vacuum [4] ; we assumed this through this paper.
In the unjacketed compressibility test, a sample of the material is immersed in a fluid to which a pressure p is applied. Then the bulk modulus of solid K S is determined by
In this case equation (A8) takes place. Thus fluid pressure has only "mechanical origin" and in (5) we have [9] :
In the first jacketed compressibility test, a sample of the material is enclosed in a thin impermeable jacket and then subjected to an external fluid pressure p. The fluid inside the jacket can escape through a tube in the reservoir of HeII, so fluid pressure is exactly zero. The bulk modulus of the skeletal frame K B is 1
and in (5) we have [9] σ x = σ y = σ z = −p;
In the second compressibility test only the superfluid component is allowed to escape through a superleak. In this case the bulk modulus of the skeletal frame with normal fluid component K H is defined by
Since the superfluid component is allowed to escape through superleak, the effective frame here includes both the solid and the normal fluid component. So, response of the sample on the external pressure p is a sum of the response of the solid and the response of the normal fluid component. Thus, we can represent the external pressure as follows: p = (p − βp ′ ) + βp ′ . The first term in this sum corresponds to the "mechanical response" of the solid, and the second term in this sum corresponds to the "thermal response" of the normal fluid component (see Appendix A). In this case in (5) we have:
σ s = 0;
here β ′ = β(p ′ /p) is the measure of the "thermal response" of the effective frame. If we neglect the mechno-caloric effect β ′ = 0 and this case reduces to the first compressibility test.
In the unjacketed compressibility test (6), (7) and two last equations from (5) give
here we use (A8) and (A10). Using (11),(A7),(A12) and two last equations from (5) with (6), (12) we can write:
(13),(A13),(14) and the conditions of solvability of equations (5), (6) with (7), (8) and with (9), (10) give:
where
K f , K S , K B and N are the directly measurable coefficients. The calculations following the procedure of ref. [2] gives the equations for the wave propagation in a superfluid-saturated porous media. Using (1), (5) and (6) from Lagrange's equations we derive:
here ∇ is the nabla operator. Because of the statistical isotropy of the material the rotational waves are separated from the longitudinal waves and obey independent equations of propagation [2] .
Applying the divergence operator to the set of equations (17) we obtain:
with
Equations (18) govern the propagation of longitudinal waves. Applying the rot operator to equations (17) we obtain:
with the definitions ω = rot u; ω s = rot u s ; ω n = rot u n ;
Equations (19) govern the propagation of pure rotational(shear) waves. When ρ s = 0 or ρ n = 0 equations (15), (16) and (18),(19) reduces to the set of equations obtained by Biot [2] , [9] .
Equations (18),(19) describe the propagation of longitudinal and shear waves in a superfluid-saturated, homogeneous and isotropic porous media in the long wavelength limit when all damping processes are neglected. These equations will be discussed in general in our other article. Here, we consider only one of the most important particular case.
Applications
Now, let us assume that the normal fluid component is locked inside a porous medium by viscous forces and therefore is no relative motion between the normal fluid component and the solid i.e.
This case is realized in high-porosity aerogels, for example. Because of (20) we added together the first and last equations of (18). Then, we obtain:
Similarly, from (19) and (20) we obtain:
Equations (21) and (22) describe the propagation of longitudinal and shear waves respectively, when the normal fluid component is locked inside a porous solid.
It is convenient to introduce definitions:
Let us consider equations (22) for the shear waves. From (22) it is easy to see that there is only one type of shear wave. The velocity of propagation of these waves V shear is
Note, that as ρ s 12 = 0 the rotation of the solid with locked normal fluid component ω is coupled to the rotation of the superfluid component ω s according to the relation
and therefore, ω s = 0 [2] . (25) shows that the rotation of the solid with locked normal fluid component and the suprfluid component is in the same direction. Let us now consider equations (21) for the longitudinal waves. Solutions of these equations with k wave vector are written in the form
V is the velocity of these waves; C 1 and C 2 are the amplitudes; C 1 = const; and C 2 = const;. The velocity V is determined by substituting (26) into (21). There are two modes of longitudinal waves the fast and the slow waves with V f and V s velocities respectively [2] (see also [4] ). The fast wave corresponds to the solid with locked normal fluid component and the superfluid component moving in phase, and the slow wave corresponds to solid with locked normal fluid component and the superfluid component moving in opposite phase. The velocities of propagation V f,s of fast and slow waves are given by:
; Equations (24) and (27) gives the velocities of propagation shear and longitudinal waves in a superfluid-saturated porous media, when the normal fluid component is locked inside the porous solid. If K f , K S , K B and N will be measured, then one can determine the velocities of propagation fast, slow and shear waves from (27) and (24). It should be noted that equations (27) and (24) differ from the equations obtaned by Biot [2] and contain significant new physics. Indeed, Biot's results do not contain forces caused by temperature gradients. In fact, in the case of superfluid-filled porous media Biot's results are not valid. Johnson [4] has shown that in the rigid frame at low temperatures (T < 1.1K) fourth sound is exactly Biot's slow wave. However, at the low temperatures hydrodynamical description breaks down and comparison to Biot's model should be made at higher temperatures [1] , [5] . So, we conclude that in all physically interesting cases Biot's equations are not applicable to superfluid-filled porous media.
Examples of physical systems to which equations (24) and (27) can be applied are superleak of porous vycor glass and high-porosity aerogels (e.g. silica aerogels with porosities β > 0.9). Superleak of porous vycor glass corresponds to a superfluid-solid system in the rigid frame limit (K f ≪ K S , K B , N ). The most interest physical system high-porosity aerogel corresponds to a superfluid-solid system in the weak frame limit(K B , N ≪ K S , K f ).
Discussion And Conclusions
Now, let us discuss the results obtained in the previous sections. In Sec.II we derived the general equations (15), (18) and (19). These equations describe the propagation of longitudinal and shear wave in a superfluid-saturated porous media when all damping processes are neglected. These equations reduce to the ones obtained by Biot [2] , [9] when ρ s = 0 or ρ n = 0. Besides, when β = 1; K b = N = 0 these equations describe the sound propagation in bulk HeII. It is easy to see that in this limit equations (18) and (19) give correct values of first and second sound. So, one concludes that these equations reduce correctly to Biot's theory [2] and Landau's theory of sound propagation in bulk HeII [1] (see appendix A).
In Sec. III we consider the case when the normal fluid component is locked inside a porous media by viscous forces. This case is the most interesting and important application of our theory.
Indeed, in recent years investigation of behavior of superfluids in aerogels has attached increasing attention (for example, see [10] , [11] , [12] ). Aerogels are highly open porous solids with porosities β > 0.9 (e.g. silica aerogels). The mean pore diameter in aerogels is about 20nm, so the normal fluid component is clamped in the frame by viscous forces. Besides, high-porosity aerogels have very small bulk and shear modulus and are highly compliant. So, in the superfluid-filled aerogels pressures caused by thermal gradients play crucial role in contrast to other porous solids. Thus, wave processes in high-porosity aerogels are described by the equations (21) and (22).
Since equations (21) and (22) include pressures caused by thermal gradients, they are more general in comparison with equations derived by Biot. The only case when (21) and (22) reduce to the Biot's equations is ρ n = 0 (see also Sec.III).
We point out that theory of sound propagation in aerogels has been developed in ref. [10] . These authors modified the conventional two fluid hydrodynamic equations and derived the expression (see equation (8) in ref. [10] ) which gives the longitudinal wave velocity in superfluid-filled aerogels, but does not give the shear wave velocity. It must be noted that equation (8) in ref. [10] is incorrect. To show this we remark the following.
The longitudinal wave velocity in any solid (in aerogel in the case of ref. [10] ) is given by [(K a + (4/3)N a )/(ρ a )] 1/2 ; [13] . Here K a is the bulk modulus of the solid, N a is the shear modulus of the solid and ρ a is the mass density of the solid. In [10] the term (4/3)N a /ρ a is omitted (see the equation (5) in ref. [10] ). This is justified if N a /K a ≪ 1. In the case of aerogels Poisson's ratio equals 0.2 and is independent of density [14] . This means that N a /K a ∼ 1 and the term (4/3)N a /ρ a in the longitudinal wave velocity is not negligible. So, it is very strange that incorrect(!) theoretical calculations are in full agreement with the experimental results, as is reported in ref. [10] .
Besides, in the limit ρ a → ∞ equation (8) in ref. [10] suggests that in the superfluid-filled porous media one of the modes of sound propagates with velocity C a , where C a is given by equation (5) in ref. [10] , which is incorrect [13] . Now we consider (27) which is derived from (22), and show that in the limit of the rigid frame it gives correct results.
In the limit of the rigid frame the expressions (27) for the fast and slow wave are greatly simplified (in the limit of the weak frame it does not takes place). In this case K f ≪ K S , K B , N and therefore
V 1 and V 2 are given by (A14).
(28) shows that measurements of V f is most convenient to determine the superfluid component fraction ρ s .
The slow wave corresponds only to the oscillation of the superfluid component(rigid frame) and V s is the well-known velocity of fourth sound [1] renormalized by the tortuous, branching path of pore space [4] i.e. fourth sound is exactly Biot slow mode.
In the limit T → 0 when there is no the normal fluid component and we have (ρ s /ρ h ) = 1, equations (28) and (29) are identical to the corresponding expressions obtained in ref. [4] .
At the temperatures T > T λ we have ρ s = 0. In this case equation (28) reduces to the expression of the wave velocity in the media with K B bulk modulus, N shear modulus and (1−β)ρ sol +βρ h effective mass density. This result is in full agreement with theory of elasticity [13] .
So, we have to conclude that (21) and (22) gives correct physics in the limit of the rigid frame.
In conclusion, we have derived the general equations which describe the propagation of longitudinal and shear waves in a superfluid-filled, homogeneous and isotropic porous media in the long wavelength limit when all damping processes are neglected. The most important case when the normal fluid component is locked inside a porous media by viscous forces is investigated in detail. It is shown that in this case one shear wave and two longitudinal, fast and slow wave propagation is possible. The velocities of these waves are obtained. Our results reduce to well-known equations in the appropriate limits. We have also demonstrated that formalism developed by Biot may be applied to the wave processes in HeII. It is shown that fourth sound, as well as second sound in bulk HeII is exactly Biot's slow wave. In addition, we remark that results derived in this paper may be applied to the porous media saturated with superfluid 3 He.
APPENDIX A
In this appendix we apply formalism developed by Biot [2] to the wave processes in bulk HeII and derive some equations, which are used in the second section.
The kinetic energy T h of the unit volume of HeII is:
here we take into account that the superfluid component and the normal component move independently. So the mass coupling parameter between the normal component and the superfluid component equals zero.
The potential energy W h per unit volume of HeII is:
here σ h n and σ h s are the stresses of the normal component and the superfluid component, respectively.
In the first approximation the stress components are linear functions of the strain components, so one gets:
Now we express R h s , R h n and R h sn in terms of directly measurable coefficients. Let us consider a volume of HeII in a vessel.
First we consider the case, when the superfluid component is allowed to escape through a superleak, but not the normal fluid component. If a pressure p is applied to HeII, the superfluid component passes through the superleak into the reservoir of HeII. So, a temperature difference between the vessel and the reservoir of HeII exists. As is well known, a temperature difference between the two volumes of HeII is accompanied by a pressure difference between these volumes (mechano-caloric effect) [1] . Since the superfluid component is allowed to pass through the superleak, its partial pressure is zero. But the normal fluid component is identified with the thermal excitations of HeII (gas of phonons and rotons) and its partial pressure is not zero. So, we can conclude that fluid pressure in this case has only "thermal origin". It is clear that the normal fluid component pressure equals to the external pressure (let us define it in this case by p ′ ), and we have:
besides, in this case the energy conservation law gives:
where (ρ s /ρ h )(ǫ n − ǫ s ) represents the fluid volume entering through the superleak [9] . C and S are the specific heat and the entropy per unit mass of HeII, respectively. ∆T is the difference between the temperature of the fluid inside a vessel and the temperature of the reservoir of HeII caused by external pressure [1] :
Let us define the bulk modulus of the normal fluid component K n as:
Now we consider the second case, when neither of the fluid components is allowed to escape. If a pressure p is applied to HeII, no relative motion between the superfluid component and the normal component takes place i.e.:
ǫ s = ǫ n = ǫ.
So, in this case temperature difference does not exists. Fluid pressure has only "mechanical origin" and we have [9] :
Besides, in this case we have:
where K f is the bulk modulus of HeII. From the equations (A3) with (A4),(A7) and with (A9),(A10),(A8) and using (A5),(A6) one easyly obtain:
and
It is clear that one can consider porous solid as a vessel. So, we can identify the first and the second cases considered in this appendix with the second jacketed compressibility test and the unjacketed compressibility test respectively.
Equations (A7),(A11),(A12) and (A13) are used in the second section. It should be pointed out that thermodynamic parameters of HeII in the porous media and the ones of bulk HeII may differ from each other (ρ n for example) [1] .
Using (A1),(A3) and (A13) from Lagrange's equations one derives (see ref. [2] ) the equations for the wave propagation in HeII (one can easly show that these equations are identical to Landau's equations of sound propagation in bulk HeII [1] ). Besides, these equations may be obtained from (18) when β = 1; K B = N = 0. There are two modes of (longitudinal) waves only, the fast and the slow waves with V 1 and V 2 velocities respectively [2] :
these are well known exspression for first and second sounds in HeII [1] . So, we show that formalism developed by Biot [2] may by applied to the wave processes in HeII. Besides, we conclude that bulk HeII may be regarded as a fluid-saturated porous media with porosity ρ s /ρ h . The normal fluid component plays the role of the solid part with K n bulk modulus and zero shear modulus, and the superfluid component plays the role of the fluid. (A14) shows that second sound, as well as fourth sound, is the slow wave modes.
The fact, that one may treat HeII "as solid which lost some of its rigidity" first has been saggested (due to consideration of features of the excitation spectrum of HeII) by Tilley and Tilley (see [1] , p.43).
